Abstract. Using analytic and modular transformation methods, we represent the value of the product of two Dedekind zeta functions of certain real quadratic number fields at −3 by Dedekind sums of high rank in this paper.
Introduction and Results
The values of Dedekind zeta function of a number field K at rational integers are closely related with the algebraic character of the number field K itself. To represent these values as clearly as possible is one of the important tasks of algebraic number theory. In history many mathematicians had some work on this project. Hasse (see ref. [1] ) expressed Dedekind zeta function of a number field as product of Riemann zeta function and usual Dirichlet L-functions. Siegel (see ref. [2] ) got some properties of explicit values of Dekind zeta functions of quadratic number fields at negative integers, and a particular interesting case is at −1, using modular transformation method. Zagier (see ref. [3] ) also obtained another expression of the values of Dedekind zeta functions of real quadratic fields at negative integers using Kronecker limit formula. Shintani (see ref. [4, 5] ) using astonishing linear programming method expressed Dedekind zeta functions as a sum of Dirichlet series of some real cones.
In reference [6] , we represented the value of the product of two Dedekind zeta functions of certain real quadratic number fields at −1 by Dedekind sums of high rank. Using the reciprocity law of Dedekind sums (see ref. [7] ) and software of Mathematica 4.0, we got Theorem 1. If the class number of the real quadratic number field Q( √ q) is 1, with prime q = 4n 2 + 1. Then
The main result of this paper is the following Theorem 2.
Theorem 2. Let real quadratic fields
, where p ≡ q ≡ 1 (mod 4) be different primes. Let the class number of K 2 be 1, and write c = 1−q 4 and K 3 = Q( √ pq), then we have
be Dedekind sum; and B n (x) be the usual Bernoulli polynomial, with [x] and {x} denote the integral part and fractional part of x respectively; δ K2 = log ǫ+ log ǫ , with ǫ and ǫ + denote the fundamental and totally positive fundamental unit of K 2 respectively; χ be the Kronecker symbol mod p; ǫ
with positive integer j such that p | U . From the define equation of Dedekind sums one can see that
Of course Theorem 2 is a effective computing formulae in the case of the the conditions in Theorem 1.
Main Lemma
Let K = Q( √ ∆) be a real quadratic number field with basic discriminant ∆, and let A = [a,
], where a, b, c be rational integers with 0 ≤| a |≤ b, ∆ = b 2 − 4ac and g.c.d(a, b, c) = 1. Let
. let ǫ + be a totally positive fundamental unit of the number field K, For positive rational integer j, set
Let Γ denote the upper half circle with center We write Z = X + iY , where X and Y denote real and imaginary part of Z respectively. Let χ be a real primitive Dirichlet character of mod k. Define
where N denote the norm map of K/Q. Obviously, such defined L(s, χ, A) is a ideal class function of A.
We got the following Lemma 1 in ref. [8] :
Lemma 1. With notations above, and let s be complex variable with Re(s) > 1, then we have
where the Eisenstein series
We got the Fourier expansion of E(s, Z, A, χ) in ref. [7] , i.e.
where K s (z) be Bessel function, i.e.
It is easy to know that the Eisenstein series E(s, Z, A, χ) have the analytic continuations to the whole complex plane by (3) . It is well known that L(∫ , χ, A) and Γ(s) could also have the analytic continuations to the whole complex plane.
Taking the limit of both sides of (2) when s → −3, substituting (3) into (2), and then write the R.H.S of (2) as three summands, i.e. I 1 + I 2 + I 3 , and let's compute each summand individually.
Firstly, by the well-known functional equation of ζ(s) and lim s→−3 Γ(
we get lim s→−3
It is not difficult to get Y
dFA(Z) dZ
= −iF A (Z) for Z ∈ Γ A,j . Hence substituting it in (4) we get lim s→−3
Secondly, let's calculate lim s→−3 I 2 . It is easy to get
, where ζ(⋆, ⋆) be the Hurwitz zeta function. We know that ζ(−7, n/k) = − 
Finally, we deal with lim s→−3 I 3 . In ref.
[9], we get K n+ 
By (2), (3), (5), (6), and (7) we have:
Main Lemma. Notations as explained above,
Proof of Theorem 2
L(s, χ, A) and χ as in the last section. We define L(s, χ) = A L(s, χ, A), where A runs through representative set of the narrow ideal class group of the real quadratic
Re(s) > 1, we also proved Theorem 3. Symbols as explained above, we have
where χ ∆ is the Kronecker symbol ( ∆ ⋆ ), and L(s, χ) together with L(s, χχ ∆ ) is the usual Dirichlet L-function.
To prove Theorem 2, we need to apply Theorem 3 to the Main Lemma. In the Main Lemma, we may assume k to be a prime p with p ≡ 1(mod4) and g.c.d(p, ∆) = 1, and take an integral ideal A described in the beginning of the second section satisfying a = b = 1, c = 1−∆ 4 . If the class number of the real quadratic number field K is 1, and χ be a real primitive Dirichlet character of module p then using the
√ p∆) (s) with ζ(−3) = 1/120, we can easily get as s → −3
To calculate the R.H.S of (2), we set
Using standard summation techniques in the R.H.S of (2), we have lim s→−3
To calculate the last equation above, we need some modular transformation formulae for Q 3 (Z), Q ′ 3 (Z), and Q ′′ 3 (Z). Thanks for the work of Apostol (ref. [10] ) and Carlitz (ref. [11] ).
with C > 0, we have
For M as in the condition of Lemma 1, Fixing k = 3 and taking derivations of Z on both sides of (13) we get 
Finally, we have already found the modular matrix translate the variables in (12); ǫ + =
